Abstract-This paper studies the path tracking control of fourwheel steering autonomous vehicles in presence of uncertainties of tire-road condition, modeling uncertainties, and unexpected disturbances. Due to the fast convergence of the wheel subsystem, the simplified vehicle model can be developed based on the singular perturbation. Both the state feedback and the observer-based output feedback controllers are derived using the linear matrix inequalities. The main results rely on a multi-objective approach which can handle various closed-loop specifications, such as disturbance rejection and robust stabilization on different channels within the LMI (Linear Matrix Inequalities) synthesis framework. Simulation results show that the proposed controller can effectively improves the path tracking performance.
INTRODUCTION
Intelligent vehicle systems have recently become an attractive area of research throughout the world. The aim of the research effort is mainly enhancing driving safety and reducing the driver's workload [1] . Autonomous ground vehicle (AGV) has the great advantages including the improved security, better road utilization, and reduced mobility costs, and thus it has become an emerging research focus worldwide [2] . One of the principal control issues for AGVs is path tracking [3] [4] . To guarantee the vehicle lateral stability, it is essential to consider the lateral dynamics for the path tracking control of ground vehicles, which has always been very important and extensively researched.
Although a considerable amount of research on motion control has been reported to ensure path tracking of fourwheel steering (4WS) vehicles during the past couple of decades, such as asymptotic decoupling control [5] [6] , robust H  control [7] [8] , sliding model control [9] , prediction control [10] , fuzzy control [11] [12] , and nonlinear adaptive control [13] [14] , there still remain certain open problems in this field that are of great theoretical and practical interest. In particular, due to the real-time implementation and external disturbance torque rejection, there currently exists no unified framework for designing user-friendly and cost-effective control scheme for 4WS autonomous vehicles. Furthermore, since some of the system parameters(such as normal load) are even time varying and precisely unmeasurable, those control schemes that strictly rely on such parameters seldom work efficiently in practice [15] [16] [17] . This paper proposes a path tracking controller for 4WS vehicles in the presence of uncertainties of both tire-road condition, modeling uncertainties, and unexpected disturbances. The proposed technique uses multi-objective synthesis approach in the multi-channel spirit. The H  norm is used to guarantee the disturbance attenuation and robust stability [18] . First, the state feedback controller is designed, and the corresponding state feedback gain can be obtained the LMI (Linear Matrix Inequalities) optimization. Next, an observer-based output feedback controller is proposed, and the LMI formulations of the closed-loop system specifications and objectives such as disturbance attenuation and quadratic stability are derived for this scenario.
The subsequent parts of this paper are organized as follows. Section 2 presents the system modeling, including: vehicle dynamics, dynamics of path tracking, friction forces, and uncertain vehicle system. Section 3 address the controller design via LMI optimization, where both nonlinear state feedback and observer-based output feedback controllers are proposed. Section 4 presents the simulations and performance evaluation. Finally, we conclude our findings in Section 5.
II. SYSTEM MODELING

A. Vehicle Dynamics
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The model considered here consists of 7 degrees of freedom (DOF), including longitudinal, lateral motions and yaw motion of the vehicle in addition to the rotational dynamics of the four wheels. The vehicle body-fixed coordinate system is used to set up the model. These are shown in Fig. 1 . The governing equations of motion for the vehicle can be expressed as follows:
Longitudinal motion: 
In the above equations, 
B. Dynamics of Path Tracking
Because the sensors that measure the lateral deviation are not normally fixed on the vertical line through c.o.g. Furthermore, feedback based on error measured at the c.o.g. leads to bad ride comfort. Hence, it is natural to describe the vehicle dynamics with respect to the lateral displacement at the sensor, i.e., 
C. Friction forces
The wheel velocities can be derived by two components: the component due to the CG velocity and the component due to the motion about the vertical vehicle axis z , i.e., , ,
Here, the combined wheel slip is defined according to the Burckhardt approach [2] . The longitudinal slip L S is defined in the direction of the wheel ground contact point velocity 
The resultant slip 
where the slope 
D. Uncertain Vehicle System
Because the wheel subsystem converges much faster, based on the concept of singular perturbation theory, we can replace the wheel subsystem with its quasi-steady state for model reduction, which yields ,
and using velocity approximation 
The normal loads ,then the uncertain term can be described as
where
Using the state feedback u Kx  , and in view of (22), it follows that 
1) Disturbance Attenuation
The LMIs for disturbance attenuation of the closed-loop system are first formulated without considering uncertainty. Consider the system ( ) ( ) ( ) ( ) ( ) ( ) 
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2) Quadratic stabilization
In this section, we consider the quadratic stabilization of the closed-loop system with 0 w  . Quadratic stability of system (24) has the frequency-domain interpretation that the H  norm of the transfer function from v to z  is less than one. That is, system (24) is said to be quadratic stabilization if and only if 
3) Disturbance attenuation with uncertainty
To guarantee the closed-loop system to be quadratic stable with disturbance attenuation   , we consider the plant
where ˆT
The transfer function
It is obvious that 
then the state feedback controller is derived by
B. Observer-Based Output Feedback Control
The observer-based output feedback controller can be expressed as 
1) Disturbance attenuation
If there exist a constant matrices 0 S  , W and a scale 0 k  such that the following inequality is feasible (12) is k=30. The data of the vehicle system is given as follows;
The control inputs are the front-wheel steering angles and the desired wheel torques.
The vehicle control system is assumed to start with the following initial state: Fig. 2 depicts the result of the plane motion of the vehicle under the state feedback control algorithm. It can be seen that the vehicle approaches the reference path in a slightly swinging manner, and its path eventually overlaps the reference path although there exist parameter uncertainties. Fig. 3 illustrates the vehicle states with the observer-based output feedback controller. It is shown that the states of the controlled system perform asymptotically convergent to the ideal states, i.e., the vehicle can track the desired curved path. 
